range of applicability of these approximations can be esti-
mated from the results illustrated in Figures 8 and 9.

NOTATION

= radius of sphere

kd/k'a

heat capacity

} = (funl():gion of z defined by Equations (13z) and
13

} = function of z defined by Equations (3a) and (3b)

acceleration due to gravity

heat transfer coefficient

thermal conductivity

thermal diffusivity = k/pC

latent heat of solidification

any integer

C./(T, —T,)/L

heat flux density

time

temperature

velocity

NK (T, — T))/kn/=K(T, — T,)

distance

=T, —-T,

Greek Letters

= (o—1)/(c + 1)

= volumetric coefficient of expansion
= kinematic viscosity

= thickness of insulation

= coefficient defined by Equation (22)

= VkoC/kp'C’

I
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b
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q > 0N wR

®(x) = e erfc z

P = density

Subscripts

i = interface

f = of frozen materials, or freezing front
] = initial

s = surface

u = of unfrozen material

Superscripts
(') = insulation
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Significance of Pressure Gradients in

Porous Materials:

Part I. Diffusion and Flow in Fine Capillaries

NORIAKI WAKAOQ, SEIYA OTANI, and J. M. SMITH

University of California, Davis, California

Equations are derived for the effect of a total pressure gradient on flow and diffusion of a
binary gas system in a fine capillary. The results apply over the pressure and pore radius

regimes from Knudsen flow to Poiseuille flow.

Application of the equations to a pure component leads to an expression for the permeability
which predicts the observed minimum flow in the slip-flow region. This expression agrees well
with Knudsen’s data for carbon dioxide and for new measurements for nitrogen in a glass

capillary (radius = 0.01244 cm.).

Gaseous diffusion in porous media at constant pressure
has been explained effectively in recent years (2, 7, 8).
The. development applies when both Knudsen and bulk
diffusion are significant, a situation of common occurrence
in porous catalysts. In some applications diffusion with a
pressure gradient is also of interest. For example, in a
gas-solid catalytic reaction for which there is a change in

Noriaki Wakao is with the University of Tokyo, Tokyo, Japan.
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number of moles, a pressure difference will exist along
the catalyst pores. Evans, Watson, and Mason (3) have
used a dusty-gas model successfully to treat the diffusion
problem with variable pressure. These authors also pro-
posed two methods of relating the flow to the pressure
gradient: an extension of the dusty-gas model, and appli-
cation of the equation of motion.

The purpose of Part I of this paper is to show that an
equation with no disposable constants can be derived for
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a single capillary. When this result is applied to a pure
component, an expression is obtained for the permeability
which may be employed over the complete range of flow
from Knudsen to Poiseuille. This result predicts the mini-
mum in the flow observed originally by Knudsen. Then in
Part II the single-capillary equation is adapted to porous
media and applied for either pure component or binary
systems by introducing a model of the pore structure.

EQUATIONS FOR FLOW AND DIFFUSION IN A CAPILLARY

The binary gas mixture in the cylindrical pore is as-
sumed to be at constant temperature and to behave as
an ideal gas system. At constant pressure, the diffusion
flux N,° of component A is (2, 7, 8)

dc
— Dys - + (N40+N30)y4
. dx
NA = (1)

14 Dy
DKA

Similarly, the constant pressure, diffusion flux for com-
ponent B is given by

D dc“+(N"+N°)
B dx 4 e )Ye

Ny = (2)

Dy
1
+ DKB

where the Knudsen diffusivity is defined in terms of the
pore radius a4 and the mean molecular speed v as follows:

2 _
Dy, = —S—UAa (8)

— ([ 8RT )1/2
Uy = 4
= (5 (4)
At a fixed pressure, the total concentration C. + C, is
constant. Hence, Equations (1) and (2) can be added to

give the following well-known relationship between the
cdiffusion rates:

NB" M e DKI:
— =m= ( : ) = (5)
NA“ MH DKA

If there is a pressure gradient along the pore length =,
there will be a flow contribution F to the mass fluxes N,
and N,. Hence

N,4+NH=NA"+NRO+F (6)

Evans and colleagues have shown (2) that the flux N,
with a pressure gradient can still be represented by
Equation (1), provided the effect of pressure on D.s is
taken into account. Then

dC,
x

—DAB

-+ (NA + NB)yA
Na

l

Do (7)

Dy

1+

Combining Equations (1), (5), and (6) to obtain an
expression for N, 4+ N;, and substituting the result into
Equation (7), one gets

— D, &
dx Fy,
NA = (8)
1— (1—m)ys + —— 1+D“
“Tp D
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The analogous equation for N is

D dCy
- AB
dx Ff/s
NB —_ g
1 (l 1) +DAB +1+D,m ®)
m yB DKB DKB
or
Diym 4G,
== LagM
F
N, = dx n Ys (10>
1 (1 ) 4 Dy 1+ Dy
— —mys + ——
y Dy Dyx;

Addition of mN, and N, from Equations (8) and (10),
and noting that C, + C» = P/RT, gives

_ D dp

RT " d
X
mNy + Ny = +

1 (l ) + Das
YT e

mya Yz
F 11
. Du . Du (1)
L Dis Dy

The expression for flow in the low pressure, or small
pore, regions must include a contribution due to slip at
the wall. Scott and Dullien (9) by using modern kinetic
theory concepts derive the slip flow term as

4 dpP
Fuy=——= = (12)
SMuv dx
The evaluation of the slip term in a binary gas is some-
what ambiguous. However it appears that little error will
be introduced by supposing that

M; = M,;;,@]A -+ Mngny}x (13)

If Equations (12) and (13) are combined, and the
Poiseuille contribution is included, the total flow F is

. [aﬂP . 40 RT ] 1 dp
8[1— S(MA—B.A!/A + M;aliylf) BT dx
Poiseuille Slip
(14)

Equation (14) can be expressed in terms of the Knud-
sen diffusivities by employing Equations (3) and (4). If
this is done, and F from Equation (14) is substituted
into Equation (11), then

Ni+ N = c dr (15)
i "7 RT dx
DKA 2P
€= = D +[ ;_— +
14 [1—(1—m)y,] —— #
DAB
DKAﬂ' ] myA + l—yA
4[yA + (1— yA)/m] D.s D.»
1 + DKA 1 + DKB p
(16)

Equations (15) and (16} constitute the desired solu-
tion for flow and diffusion in terms of the pressure drop,
the pore radius, the composition, and the diffusivities.
The limiting forms are of interest. For a very small capil-
lary, Dua/Dxs and D.p/Dxs both approach infinity. Equa-
tion (16) becomes

C =mDy, (17)
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Fig. 1. Comparison of probability functions.

and Knudsen flow results. When the pore radius is of the
order of 100 A and the pressure is not extreme, common
conditions in catalyst pores, no term in Equation (16)
can be neglected. For very large pores, D../Dx. and
D.z/Dxs approach zero, and the slip flow contribution is
negligible with respect to Poiseuille flow. Then Equation
(16) takes the form

C = g— (my,; + yx) (18)
mn

To test Equations (15) and (16) completely would
require experimental data for combined flow and diffu-
sion in a single capillary. A search for this type of infor-
mation was not successful. However, Knudsen’s data (5)
for flow of a pure component can be compared with the
appropriate special form of Equations (15) and (16). To
obtain further data, new measurements are reported for
nitrogen flow in a fine, glass capillary. These results are
presented in the following sections.

PERMEABILITY IN PORES

For a pure component, y» = 0, y. = 1, N; = 0, and
m = 1. Then Equations (15) and (16) reduce to

C dp

Nij=—— — 19
RT dx (19)
C— 1 Dy, + 1
1 + DKA 1 + DAA
DA.i DK:!
(Knudsen flow)
aDgs  a&°P ]
N .
e ” (20)

( slip ) Poiseui]le)

flow flow

In these expressions C becomes identical with the perme-
ability, and Equation (20) indicates that C is the total of
separate contributions due to Knudsen flow, slip flow, and
Poiseuille flow.

Before comparison with experimental data, it is in-
formative to consider the physical significance of the terms
in parentheses in Equation (20). The path of a molecule
in a tube is interrupted either by collision with the tube
wall or with another molecule. Let the probability of
collisions with the wall be @y, that is

wall collision frequency (21)

v total collision frequency

VYol. 11, No. 3
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With this concept the total flux through the tube is
Ny = @y (Knudsen flow) + (1 — @) (flow) (22)

Comparison of Equations (19) and (20) with Equation
(22) shows that

1
Py = ——
¥ L Do (28)
Ad
and
1
l—y = ——
1+ D,. (24)
Dy,

Hence the coefficients of Equation (20) refer to the prob-
ability of wall or intermolecular collisions. Bosanquet (1)
arrived at the same probability expressions from an ap-
proximate analysis of diffusion in the region where both
bulk and Knudsen processes are significant. Pollard and
Present (6), again in an approximate treatment for dif-
fusion, obtained a probability function very nearly the
same as that defined by Equation (23).

Saphus Weber (10) developed from pure component
considerations an expression for the total flow through
capillaries. Expressed in terms of the permeability his
result differed from Equation (20) in that the coefficient
of the Poiseuille flow term was taken as unity rather than
(1 + DAA/DKA)’I-

Scott and Dullien (9) derived an approximate expres-
sion similar to Equation (20) by applying the kinetic
theory. Their equations were derived by supposing the
molecules to be hard spheres. With this assumption, the
results could be expressed in terms of a mean free path
A. Also for hard spheres D, = (1/3) v X. Then when one
uses Equation (3) for Dy., the ratio of the diffusivities is

D 2a
44 (25)
D, A

If Equation (25) is substituted in Equation (20), the
result is the same as that of Scott and Dullien except for
a different probability function. Their function ®, is

2
®, = exp [—-— sinh™ —:j ] (26)

These authors considered ®. to be the probability for a
molecule to suffer two wall collisions without an inter-
mediate molecular collision. Thus ®, would be expected to
be less than @y defined by Equation (21). Actually the
difference is not very large as shown in Figure 1, where
the two functions are plotted vs. 2a/Ax. The function pro-
posed by Pollard and Present (6), while not shown in
the figure, essentially coincides with the curve for @;.

One can now compare the Scott and Dullien develop-
ment with Equation (20) on a consistent basis by evalu-
ating ®, from Equations (23) and (25) and @, from
Equation (26).

For this purpose use the experiments of Knudsen (5)
for flow of carbon dioxide in capillary number 4. This
consisted of twenty-four parallel tubes (¢ = 0.00333 cm.)
about 2 cm. in length. These data were taken at about
25°C., where the viscosity is 1.52 X 10~ poises. The in-
tegrated form of Equation (19) over a pore length L,
when the pressure drop AP is small with respect to P, is

_ AP (‘ﬂ'DKA iz:ri
NA—m'[q)DKA+(l—CD) 4 +8}L ]
(27)
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Fig. 2. Comparison of calculated and experimental flow rates for
carbon dioxide in a glass capillary, experimental data from Knudsen.

Here P is the arithmetic mean value. Knudsen reports
data for the total flow rate in twenty-four tubes in the
form

N 4(241702)

Ta
AP

RT, cc./sec. (28)

Combining Equations (27) and (28) one gets

24na? [ (me a213> ]
T,="——|Du®+(1—a —
T +( ) YR ”
(29)

This equation represents the Scott and Dullien deriva-
tion if & = @,, and the theory of this paper if @ =
@y, where

1

Oy = (30)

1+2a
A

The mean free path of carbon dioxide at 1 atm. pressure
and 25°C. is taken as 447 A, based upon A = 419 A at
15°C. (4). At other pressures A is supposed to be in-
versely proportional to pressure.

Figure 2 shows the data of Knudsen and the curve cal-
culated from Equation (29) with either ®y or ®, used.
Differences between the two probability functions are not
apparent in this large-range figure. In the lower part of
Figure 3 the data and calculated curves are for the low-
pressure region. Here the small differences between cal-

0.060
--0-- KnudSen data, GO,
A This wark, N,
. —-— Calculated line, CO, /
o
2 (Scoft & Duilien) (
N — .
3 oosob Calculated lines,
S CO, and N, N,
o (Equation (20))
< o ) ]
o
= : -
o i S —
B \AL | 'D?/
R e
SR
- co
{%M-&’l’:r/ 2
003
0 005 Q10 Qls 0.20 Q25

P, MEAN PRESSURE, cm. Hg

Fig. 3. Comporison of calculated and experimental flow rates for
carbon dioxide and nitrogen in glass capillaries, low-pressure range.
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1,2 Glass vessels
3 Nitrogen source
4 silica gel
7 Glass

Fig. 4. Apparatus for capillary flow measurements.

culated values of T, with @y and ®, used are evident.
Both methods and the data show a minimum in the flow
vs. pressure curve. Knudsen’s data (Figure 3) indicate

that the minimum occurs at P = 0.035 to 0.040 cm. Hg.
Differentiation of Equation (29) with either @y or @,
used predicts a minimum at @/, = 0.49, which corre-
sponds to P = 0.050 cm. Hg for this particular case of
carbon dioxide at 25°C. and a = 0.00333 cm.

As a further test of the prediction method, the flow of
nitrogen through a glass capillary was measured at
23.5°C. In Figure 4 the capillary (7) (radius = 0.01244
cm.) was connected to two large vessels (V, = 15,900
ce., Vo = 14,500 cc.). The method, similar to that em-
ployed by Knudsen, consisted of measuring the flow rates
through the capillary by a mass balance of nitrogen in the
two large vessels. Pressures P, and P. in both vessels
were measured at the beginning with a gauge (13) or
manometer (14). Then the change in pressure of vessel
number 2 with time (a slow process) is followed with
the gauge. From these data both the flow rate and pres-
sure in vessel number 1 are calculated by a mass balance.
The data are shown in Table 1.

Equation (20) was used to calculate the flow of nitro-
gen in this capillary, and the results are compared with
the experimental data in the upper part of Figure 3.

These comparisons in Figure 3 suggest that a satisfac-
tory permeability expression can be derived from diffusion
considerations. Furthermore, it is seen that the diffusion
equation is identical with the Scott and Dullien result
based upon kinetic theory, except for small differences in
the probability functions. The deviation of Equation (29)
(with either ®, or ®, used) from Knudsen’s data is not
more than 3%. At very low pressures this divergence may
be due in part to the use of an arithmetic mean pressure

TasLE 1. NITROGEN Frow DaTa

Capillary radius = 0.01244 cm., length = 4.96 cm.
Temperature = 23.5°C.
Viscosity = 1.78 X 10™* g./(cm.) (sec.)
Mean free path = 654A. at 1 atm.
Pressure, cm. Hg

Vessel Vessel
number 1, number 2, T,,

Py P. P ce./ (sec.)
0.0192 0.00305 0.0111 0.0366
0.0312 0.00419 0.0177 0.0355
0.0690 0.00641 0.0377 0.0364
0.202 0.0218 0.112 0.0448
0.295 0.0568 0.176 0.0536
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in Equation (29). This cannot be true as P approaches
zero, for then AP is not negligible with respect to P.

SUMMARY
The method developed for calculating flow and diffu-

sion for a binary system contains no arbitrary constants
when applied to a single capillary. For the special case of
a pure component system, agreement between experimen-
tal and predicted results is good. To apply the method
to porous media requires a model of the pore structure.
This problem is taken up in Part II.
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NOTATION

a = radius of cylindrical capillary or pore, cm.

C. = concentration of component A, g. moles/cc.

C = flow parameter for a single capillary, defined by
Equation (15), sq.cm./sec.

Dy, = bulk diffusivity in binary gas mixture A-B, sq.
cm./sec.

Dy, = Knudsen diffusivity of gas A, sq.cm./sec.

F = flux due to a pressure difference, g. moles/ (sec.)
(sq.cm.); F., = slip flow contribution

M = molecular weight

m = (MA/ Ms)w

N, = flux of component A, g. moles/(sec.) (sq.cm.)

N, = diffusion flux of A, that is flux of A under con-
stant pressure diffusion conditions, g. moles/
(sec.) (sq.cm.)

P = total pressure, dynes/(sq. cm.)

R = gas constant, dyne (cm.)/(g. mole) (°K.)

T = temperature, °K.

T, = flow rate per unit pressure drop, defined by
Equation (28), cc./sec.

v = mean molecular speed, cm./sec.

x = distance in direction of diffusion, cm.

y = mole fraction of gas

® = probability of 2 molecule to be in Knudsen flow;
@, 1'.; defined by Equation (26), @y by Equation
(23

1 = gas viscosity, poises

A = mean free path, cm.
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Part ll. Diffusion and Flow in Porous Catalysts

SEIYA OTANI, NORIAKI WAKAO, and J. M. SMITH

Diffusion and flow rates through porous catalysts were measured under the conditions of
finite pressure gradients for single- and two-component systems. For large pore (low density)
alumina pellets the diffusion rate counter to the pressure gradient was severely depressed,

while for small pore Vycor the pressure gradient had little effect.

The equations developed in Part 1 for flow and diffusion in a single capillary were extended
to porous catalysts. The resulting prediction methods contain no parameters which require
transport data for their evaluation, but pore size and void fraction information is needed.
For the catalysts investigated, both the permeability and diffusion rates varied several thousand-
fold. The calculated results predict the same extensive range and show the same effects of
pressure gradient and pore properties. Also the guantitative agreement between calculated
and experimental results is such that the theory provides a useful method of predicting trans-

port rates through certain types of porous media.

The objective of this part of the paper is the measure-
ment of diffusion rates, both counter to and in the direc-
tion of enforced pressure gradients, through typical porous
catalysts. Also consideration is given to the prediction of
diffusion and flow rates from easily measured, geometrical
properties of the catalysts. In Part I equations were de-
rived for a single capillary so that the objective here is to
adapt the results to porous materials typical of solid cata-
lysts. A random pore concept has been used (4) to treat
the constant pressure case. The same model will be used
in this part for diffusion and flow with a pressure gradient.
The treatment is restricted to an isothermal binary system
of gases A and B. The authors consider a pellet of thick-
ness L across which diffusion and flow occur in one di-
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mension. One face is exposed to gas A at a constant pres-
sure P, and the other to B at a lower, constant pressure
P.. The problem is to determine the molal fluxes of A
and B.

Flow of pure A through the same pellets was also meas-
ured and predicted by adapting the permeability equa-
tions of Part 1.

EXPERIMENTAL METHOD AND APPARATUS

The permeability measurements were made with nitrogen
supplied to both sides of the pellet chamber (8) as shown
in Figure 1. For diffusion studies nitrogen and hydrogen were
chosen to avoid surface effects and to utilize the large diffusiv-
ity of hydrogen. The apparatus was operated at pressures from
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